Resonant interactions occur in a wide range of physical and chemical systems, from nuclear spin-spin coupling [1] to excitonic effects in light harvesting antennae and reaction centers [2, 3] . Two-dimensional Fourier transform (2DFT) methods excel in isolating and characterizing these interactions. Multidimensional Fourier transform techniques were originally developed in nuclear magnetic resonance, where they proved powerful in disentangling congested spectra and providing structural information of complex molecules by measuring the strength of internuclear couplings [1] . Thanks to developments in ultrashort pulse laser technology, these techniques have been extended into the infrared and visible regions of the electromagnetic spectrum during the last two decades [4, 5] . When visible light is used, the method is often called 2D electronic spectroscopy because electronic transitions are probed. Measurements have provided evidence that quantum coherence plays a role in photosynthesis [2, 3] and given insight into many-body interactions in semiconductors [6] . The ability of 2DFT signals to dissect the quantum pathways contributing to the nonlinear response makes it a powerful spectroscopic tool.
Quantum pathways that include a double-quantum coherence can be observed in 2DFT spectroscopy for the appropriate time ordering of the excitation pulses. They are particularly interesting because theoretically they have been shown to be sensitive to the presence of many-body interactions [7] and can reveal details of many-body wavefunctions. Double-quantum coherences have been observed in 2DFT spectra using infrared excitation of molecular vibrations [8, 9] , in semiconductor quantum wells [10, 11] and in molecular electronic transitions [12, 13] . These signals characterize coherences between the ground state and a doubly excited state, which is often taken as proof that a doubly excited state exists in the level structure of an individual molecule. However, we show that collective resonances resulting from interatomic interactions can induce double-quantum coherences. It has been suggested that such resonances can be induced in non-interacting atoms by entangled photons [14, 15] . Interaction-induced double-quantum coherences may play a role in photo-processes such as light harvesting [2, 3] . Furthermore, quantum information processing schemes have been proposed that exploit collective resonances due to long-range dipole-dipole coupling [16] .
Here, we report the observation of double-quantum coherences in a gas of potassium atoms. Based on the level scheme of a single potassium atom ( Fig. 1(a) ), and the spectrum of the excitation laser, the naïve expectation is that double-quantum coherences should not exist because there are no atomic levels at twice the laser frequency, which is tuned to be resonant with the onequantum transitions corresponding to the D 1 and D 2 lines. We interpret the observed two-quantum resonances as being due to collective excitations of two atoms, and use a Hilbert space transformation to provide a heuristic explanation of how interactions result in an effective level at twice the one-quantum energy. For simplicity, we first discuss two-level atoms, as the essential physics is not changed because we excite both D 1 and D 2 transitions. A more rigorous theoretical treatment using an excitonic picture and incorporating dipole-dipole interactions in a gas of atoms combined with molecular dynamics simulations reproduces the experimental results.
The quantum pathways that include a doublequantum coherence are distinguished by the combination of the wave-vector and time-ordering selection of the pulses. As shown in Fig. 1(b) , the three incident pulses, with wavevectors k A , k B and k C , focus and intersect at the sample such that they are on three corners of a square that is perpendicular to the propagation direction. Their interaction produces a signal in the direction k S = −k A + k B + k C , which corresponds to the 4th corner of the square after the sample. Double-quantum coherences can contribute to the signal only if the pulse with the conjugated wavevector, k A , arrives last. This excitation sequence is shown schematically in Figs. 1(c) and (d) for a simplified 3-level system consisting of a ground state, |0 , singly excited state, |1 , and double excited state, |2 . The first pulse, k B , puts the system in a superposition between states |0 and |1 , i.e., in a single quantum coherence. The second pulse converts the single quantum coherence to a double quantum coherence between |0 and |2 . The third pulse converts the double quantum coherence back to a single quantum coherence that radiates. The final single-quantum coherence can be between states |0 and |1 or between states |1 and |2 , both possibilities are shown in Fig. 1(d) . These pathways can be described using the double-side Feynman diagrams for the atomic density matrix shown in Fig. 1 
(e).
Experimental two-dimensional single-and doublequantum spectra are acquired using the apparatus described in Ref. 17 . A mode-locked Ti:sapphire laser generates ∼ 200 fs pulses that are input to an ultrastable platform of nested and phase stabilized interferometers to generate 4 identical pulses arranged in a box geometry. Three of the beams are the excitation beams, k A , k B and k C , while the fourth is designated the tracer and propagates in the same direction as the signal beam, k C . The tracer is used to generate a reference pulse that is routed around the sample and interfered with the emitted signal beam to produce interferograms. The full phase and amplitude information about the signal can be extracted from the interferograms. The tracer is blocked during data acquisition. It is used to determine the overall phase of the signal for decomposition into real and imaginary parts [18] .
The potassium vapor is held in a 350 micron thick transmission cell. The cell body is made of titanium with two sapphire windows [19] . For the measurement reported here, the cell temperature was 130 C. The transmitted spectrum of the attenuated laser was used to estimate the absorbance. The transmitted intensity is I t = I i e −αl , where I i is the incident intensity, α is the absorption coefficient and l is the cell thickness. At this temperature and density, the resonance broadened linewidths are smaller than the Doppler width and spectrometer resolution, thus a 1550 torr Argon buffer gas was introduced into the cell to induce collision broadening. Since the oscillator strength is fixed, increasing the broadening reduces the absorbance, αl, at the peak of the D 2 line, 391.02 THz, to 0.053, which is stronger than the D 1 line. This low absorbance rules out optical density effects as explaining the observations. We have repeated our measurements for several different buffer gas pressures and find no qualitative differences.
Figures 2(a)&(b) show the real part of both single-and double-quantum spectra for a potassium number density of 3.5 × 10 12 cm −3 . As observed previously [20] , the single-quantum spectrum shows peaks corresponding to the D 1 and D 2 lines, as well as off-diagonal peaks due to coupling between them via the ground-state bleach and Raman-like coherences within a single atom [20] . Surprisingly, the double-quantum spectrum also shows clear resonances even though there are no atomic states at these energies. The resonances have a dispersive profile, i.e., similar to the first derivative of a peak. The observed linewidths of 160 GHz correspond to a dephasing time of 6.25 ps for the double-quantum coherences. The D 1 and D 2 lines correspond to transitions from the 4 2 S 1/2 ground state to the 4 2 P 1/2 and 4 2 P 3/2 states, with transition frequencies of 389.29 and 391.02 THz, respectively. The higher lying states that are closest to twice the D 1,2 energies are the 5P and 4D states, which are at frequencies 740.81 and 821.36 THz, both of which are well outside the spectral range shown in Fig. 2(a) and well outside the laser bandwidth of 3 THz. The fact that the observed resonances are at exactly twice the frequencies of the D 1 and D 2 lines (or their sum frequency) indicates that the double-quantum resonances are due to the combined response of two atoms, rather than the level structure of a single atom and that the coupling is weak (otherwise the resonance would be shifted). Transfer of energy between atoms during a collision is an incoherent process and thus should not result in a double-quantum coherence.
The observations can be explained using a simple picture obtained by combining the Hamiltonians of two individual atoms into a Hamiltonian describing both simultaneously, as shown in Fig. 1(f) , and working in the joint 
FIG. 2. (color) Experimental (a) double-quantum and (b)
single-quantum real spectra and simulated (c) double-quantm and (d) single-quantum real spectra. For the single-quantum spectra, the conjugated pulse arrives first, thus absorption frequency is negative.
Hilbert space of both atoms. For two isolated two-level atoms, there are no doubly-excited levels, so a doublequantum coherence is impossible. However, the joint space has 4-levels. These consist of a ground state, where both atoms are in the individual ground states, two singly excited states where one of the two atoms is excited, and a doubly excited state where both of them are excited. In this four-level system, double-quantum coherences can occur between the ground state and the doubly excited state. However, this change of description should not affect the underlying physics, which seems contrary to the fact that the nonlinear susceptibility calculated for the four-level system has terms that are not present for two isolated two-level systems. Careful analysis shows that all of these "new" terms for the four-level system interfere destructively and exactly cancel if the ground state to singly-excited state transitions are identical to the singly-excited to doubly-excited state transitions. For the double-quantum coherences, this means that the two pathways shown in Fig. 1(e) cancel. Thus describing the system in the joint Hilbert space alone does not change the nonlinear susceptibility. The picture changes if there are interactions between the atoms. In that case, cancelation will be incomplete, resulting in double-quantum resonances. The joint Hilbert space description is useful in explaining why interactions result in double-quantum resonances. This picture only considers the interaction of a pair of atoms; a more complete theoretical treatment needs to consider an interacting ensemble. The offdiagonal elements in the double-quantum spectrum are due to interaction between the D 1 transition in one atom and the D 2 transition in another.
To go beyond this simple explanation, we performed simulations using the exciton formalism. Excitons are delocalized collective electronic excitations of assemblies of coupled chromophores including coherences that reflect entanglement. Excitons with extended coherence size were first discussed in crystals [21, 22] . In real crystals, disorder and dynamic fluctuations limit the coherence size. An atomic vapor is an ideal model system for studying excitonic effects in the presence of disorder [23] . In atomic vapors, n-exciton states correspond to states where n atoms are excited and all others are in the ground state. The atoms interact due to dipole-dipole coupling.
The single-and double-quantum spectra are simulated based on the Nonlinear Exciton Equations (NEE) [4] . The effective Hamiltonian, which describes the electronic excitation of interacting atoms, is
whereB † m andB m are the exciton creation and annihilation operators on state m, m is a multi-index consisting of the atom number and the intra-atom exciton state(e.g.
. Ω m is the excitation energy of exciton m, J mn indicates the one-exciton coupling strength between excitons m and n and K mn is the two-exciton coupling parameter. The dipole-dipole coupling for J mn can be calculated from
where µ m,n are the transition dipole moments and R mn is the distance between atoms m and n, ε is the dielectric constant. The Hamiltonian for the coupling of the atoms to the optical field is
All elements of the Hamiltonian are time dependent through the changing configuration of the atoms.
The simulation of the double-quantum coherence spectra is based on a direct nonlinear exciton propagation method in an exciton picture [24] . Simulation of the 2DFT spectra requires three steps: first, the trajectories of an ensemble of atoms are simulated; second, the trajectories are used to calculate the time-dependent interatomic couplings; third, the 2DFT spectra are generated using the calculated interatomic couplings. Dynamic trajectories of 20 potassium atoms were generated using the molecular dynamics package GROMACS. The ground state potential energy surface of K 2 is used as the coupling function. Runs up to 2 ns were performed with a resolution of 0.01 ps. Then the trajectories are used to calculate the interatomic distances between atom pairs and the coupling parameter J mn for each snapshot of the trajectory using Eq. 2. The intra-atomic elements of K mn are set to large numbers to ensure that each atom cannot be excited twice, while the interatomic elements of K mn are set to zero since the interatomic twoexciton couplings are ignored. As the last step, 2D spectra are generated using the SPECTRON package [24] . The double-quantum coherence spectrum, S III (τ, T, t), is
The signal is averaged over several start times, t s , along the trajectory with
for the one-exciton Green function G n2,n1 (τ 2 , τ 1 ) = g|B n2 U (τ 2 , τ 1 )B † n2 |g where U (τ 2 , τ 1 ) is the timeevolution operator connected to H(t) . The excitonic functions are computed by direct integration of the Schrödinger equation ı ∂ t |ψ (1) (t; τ 3 ) = H(t)|ψ (1) (t; τ 3 ) and ı ∂ t |ψ (2) (t; τ 3 ) = H(t)|ψ (2) (t; τ 3 ) with the initial conditions ψ 
The double-quantum spectrum shown in Fig. 2 (c) is obtained by Fourier transforming S III (τ, T, t) with respect to τ and t. The single-quantum spectrum (Fig. 2(d) ) was calculated similarly. The model parameters have been adjusted to match the experiment; however our goal is not a detailed fit to the experimental results, but rather to show that double-quantum resonances do appear. One significant difference is that the experiments were done with the laser tuned towards the D 1 line to compensate its weaker dipole moment, whereas the calculations were done with the laser tuned exactly halfway in between the resonances. This difference in tuning is apparent in the difference in the relative peak strengths between experiment and theory. The simulations do show double-quantum coherences, which do not appear if the dipole-dipole coupling is turned off. Furthermore, the simulated lineshapes are in good agreement with the experiment, for example both display a dispersive profile, which has been shown to be characteristic of many-body interactions in semiconductors [25] .
Our results demonstrate that electronic doublequantum coherence spectroscopy can detect even very weak interactions between chromophores, which makes it a powerful technique, but at the same time means that the interpretation of double-quantum spectra may not be possible based on the level structure of a single chromophore and thus collective effects should be considered. Our results are for the regime where spectral shifts are small compared to linewidth and laser bandwidth, as compared to observations for a Rydberg blockade that were in the opposite regime [26, 27] . Moreover, the longrange nature of the dipole-dipole interaction means that this effect is present even at low densities, where interactions are often neglected. Collective coupling to the radiation field is also responsible for enhanced spontaneous emission or superradiance [28] . We find that the ratio of the strength of the double-quantum coherences to the single-quantum coherences is constant as the atomic density is varied over an order of magnitude. This result is consistent with the fact that self-broadening is theoretically found to be independent of density [29] due to the r −3 scaling of the dipole-dipole coupling.
Note added in proof: Since original submission, we have measured double-quantum spectra of a rubidium vapor and also observed collective resonances.
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